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To predict the effect of pore structure on the performance of heterogeneous catalysts,
a realistic model of the catalyst particle is required. Lattice-based models in which the
diffusion and reaction phenomena are restricted to sites and bonds within a regular or
irregular lattice are widely used. Howeuver, for the realistic simulation of diffusion and
reaction in amorphous catalyst supports, such as alumina or silica, a continuum model,
which does not artificially restrict the domain in which the reactants are allowed to

diffuse, is required.

An efficient method based on a “first passage time” approach is developed for the
simulation of diffusion and reaction in a supported catalyst. The model catalyst is com-
posed of spheres representing the support and active sites. By varying the algorithm used
to generate the model catalyst, a range of structures can be created. The effect of the
structure, and the size and distribution of active sites on the reaction rate is studied.

Introduction

The simulation of diffusion and reaction in a model cata-
lyst particle can help to identify an optimal pore structure for
the real catalyst of interest. In order to be effective, the simu-
lations must be carried out using a sufficiently realistic struc-
tural model. Lattice-based models, in which diffusion and re-
action are restricted to a set of pores of constant cross-sec-
tion distributed along the bonds of the lattice have been
widely used. They are particularly suitable for the simulation
of diffusion and reaction in crystalline solids, such as zeolites,
but have also been widely used to represent noncrystalline
solids such as aluminas and silicas. Sahimi et al. (1990) and
Reyes and Iglesia (1993) have reviewed the applications of
lattice models, as well as other aspects of modeling diffusion
and reaction in porous solids. Recent applications of lattice
models include the articles by Beyne and Froment (1990),
Arbabi and Sahimi (1991a,b), Sahimi (1992), Zhang and
Seaton (1992), McGreavy et al. (1992), Hollewand and Glad-
den (1992), and Zhdanov (1993). Lattice models are ex-
tremely tractable; a number of approximate solutions exist
and direct simulation of diffusion and reaction is within the
reach of current computers. Another advantage is that many
methods for the characterization of porous solids, particu-
larly those based on capillary phenomena such as some ad-
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sorption experiments and mercury porosimetry, are based on
lattice models (or in some cases on nonintersecting pores of
constant cross section). Thus, it is relatively straightforward
to relate at least some of the parameters of lattice models to
measurements made on real solids. Despite the success of
lattice-based models, they suffer from the fundamental limi-
tation that diffusion and reaction in a real amorphous cata-
lyst is not limited to a lattice. It is therefore of interest to
consider more realistic simulation methods in which this re-
striction is relaxed so that diffusion and reaction occur in a
continuum. In this article we consider the simulation of bulk
(or “molecular’) diffusion and heterogeneous reaction in a
continuum.

One approach is to simulate diffusion by a random walk
through a medium composed of solid elements distributed
randomly (but according to some rule) within a continuum.
The most straightforward variant of this approach is to give
each reactant a sequence of random displacements, the length
of each equivalent to the mean free path. If Knudsen diffu-
sion is being simulated, the mean free path of the reactants is
much larger than the mean pore size, and the reactant un-
dergoes a series of collisions with the solid phase. In bulk
diffusion, the mean free path is much smaller than the mean
pore radius. In a simulation of bulk diffusion, which is of
interest here, it is possible to use a substitute mean free path
that is larger than the real mean free path, but still small
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compared to the mean pore radius. Even with the substitute
mean free path set to the largest acceptable value, the simu-
lation requires a prohibitively large amount of computer time.
This observation motivated Zheng and Chiew (1989) to de-
velop a more efficient method. They computed the steady-
state rate of a first-order reaction between diffusing fluid-
phase reactants and an array of either freely overlapping or
nonoverlapping spherical reactive sites distributed randomly
within the fluid phase. With their method, the reactants are
allowed to advance through the fluid phase in a series of
movement steps (see Figure 1a), each one of which repre-
sents many individual intermolecular collisions. Each move-
ment step involves the following three substeps: (1) the con-
struction around the reactant of the largest possible “move-
ment sphere” that does not overlap any of the active sites; (2)
the selection of the new position for the reactant by choosing
a point randomly on the surface of the movement sphere; (3)
the calculation of the first passage time (FPT) for the reac-
tant starting at the center of the movement sphere to reach
its new location on the surface. The reactant molecule moves
through the fluid phase until it gets within a distance 8 from
the surface of a reactive site when it is considered to have
reacted. (With this algorithm, the reactant never actually
reaches the surface; Zheng and Chiew (1989) found that ac-
curate results were obtained for 8/R,=10"*, where R, is
the radius of the active site.)

In the method of Zheng and Chiew (which for convenience
we refer to henceforth as ZC), the time required for the reac-
tant to move from its old position to the new position in each
movement step is obtained from the solution of the diffusion
equation

9P
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where P(t,x; R) is the probability that a reactant starting at
point x inside a movement sphere of radius R diffuses and
hits the surface of the movement sphere for the first time
within the FPT, ¢; and D is the bulk diffusion coefficient.
Equation 1 has a well-known analytical solution in terms of a
Fourier series. Zheng and Chiew (1989) computed the FPT
for each movement step by sampling from P(z,x; R). This
procedure was improved by Torquato and Kim (1989) and,
independently, by Zheng and Chiew (1990), who pointed out
that only the mean FPT is required, and this is given by Ein-
stein’s relation (written here for step i).
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where the subscript ZC is used here to distinguish between
this and subsequent FPT results. ZC is most directly applica-
ble to the simulation of diffusion and reaction in homoge-
neous systems where one reactant is much larger (and there-
fore more slowly moving) than the other. However, this
method cannot be applied directly to simulating diffusion and
reaction in a supported catalyst, composed of both active sites
and an inert support, for the following reason. The distance
that the reactant moves in a single step is equal to the radius
of the movement sphere. As the reactant nears the surface of
the inert support, the largest possible movement sphere that
can be constructed at each step becomes smaller and smaller
(see Figure 1b), and so the maximum possible distance that
the reactant can move in a single movement step decreases.
The reactant therefore spends most of the computer time dif-
fusing near the surface of the inert support, although, of
course, in terms of physical time it explores the void phase
uniformly. For the system of active sites with no inert support
studied by Zheng and Chiew, this problem does not arise as

Reactant is within distance © from
surface of active site and reacts.

./ Trajectory
M K of reactant

Active site Movement sphere

(@)

Supported active site

Inert support Movement sphere

(b)

Figure 1. Method developed by Zheng and Chiew (1989).

(a) As applied to a system of static unsupported active sites. (b) As applied to a system of supported active sites. Note that as the reactant
moves nearer the surface of the inert support, the sizes of the successive movement spheres become smaller and smaller.
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the reactant is removed from the system when it gets within
distance & of the surface.

One way of solving the problem of the reactant spending
much of the computer simulation time diffusing near the sur-
face of the inert support would be to use the method devel-
oped by Kim and Torquato (1990, 1991, 1992} to compute the
effective diffusivity for a range of nonreactive heterogeneous
media. With their method, ZC is used to simulate bulk diffu-
sion in all regions except for the intermediate vicinity of an
inert surface. For the problem of a molecule diffusing very
close to a surface, Kim and Torquato first obtained a series
solution for the case of a flat surface. The solution was con-
siderably simplified by restricting the motion of the reactant
to movement steps in the direction of the normal of the inter-
face. The solution was adapted, using an approximation, for
a curved surface. The error introduced by the previously
mentioned restriction and approximation would depend on
the size of the movement steps and the geometry of the sur-
face.

Another possible way of solving this problem is to use the
hybrid method introduced by Reyes and Iglesia (1991) in their
investigation of Knudsen and transitional diffusion in catalyst
particles, and subsequently used by Melkote and Jensen
(1992), Tassopoulos and Rosner (1992), and Tomadakis and
Sotirchos (1993). The hybrid method makes use of ZC pius
the discrete random walk method. The discrete random walk
method is used whenever the reactant is within a certain dis-
tance from the surface of the inert support. Reyes and Iglesia
make the point that the radius of the movement sphere must
exceed about 5A, where A is the mean free path of the reac-
tants so that the number of discrete steps is sufficient for the
valid application of the continuum diffusion equation. For
bulk diffusion, this restriction does not apply because the
length of each random displacement is much less than the
smallest characteristic length of the medium.

In both the method of Kim and Torquato (1990, 1991, 1992)
and that of Reyes and Iglesia (1991), the molecule advances
by FPT steps until it gets close to an inert surface, at which
point a different method is used until it is again far from the
surface. In this article, we describe a different approach to
simulating bulk diffusion and reaction in a supported cata-
lyst, in which FPT calculations are used throughout the simu-
lations (except in certain special cases that occur relatively
infrequently). This is accomplished by solving a more general
FPT problem {obtaining a solution to Eq. 1 with more gen-
eral boundary conditions).

The rest of the article is organized in sections as follows.
First, we outline the new approach to the simulation of diffu-
sion and reaction in supported catalysts. Second, we give de-
tails of the algorithm used to simulate diffusion and reaction
in model supported catalysts and show how the new ap-
proach can be used to make qualitative inferences about the
effect of the morphology on the reaction rate. Finally, in the
last section, this article is summarized and the potential of
this new approach for making quantitative inferences on the
effect of the morphology is discussed.

Simulation Method

The model supported catalyst consists of an inert support
formed by an array of spheres, created using some appropri-
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Figure 2. New method applied to a system of supported
active sites.

ate algorithm (the nature of which determines the final struc-
ture), with spherical catalytic sites deposited at random on
the surface of the support. The steps in the algorithm of the
new method are similar to those in ZC, but instead of con-
structing around the reactant the largest possible movement
sphere that does not overlap any of the active sites or inert
support particles (Figure 1b), the movement sphere is con-
structed so that it just touches the second nearest surface and
as a consequence overlaps the particle that forms the nearest
surface (Figure 2). With the new method, the constructed
movement sphere is always larger than that constructed using
ZC, and so the maximum distance that the reactant may move
in a single simulation step has been increased. The main ad-
vantage of this new method, however, is that the problem of
the movement spheres decreasing in size as the reactant dif-
fuses toward the surface of an inert support is solved.

In ZC, the reactant hits all points on the surface of the
movement sphere with equal probability and with the same
mean FPT. For the “dimpled” movement sphere the proba-
bility of hitting a point on the surface, and the corresponding
mean FPT, vary with location in a way that depends on the
geometry of the dimpled sphere and on whether the dimple
is inert (formed by part of the support) or reactive (formed
by an active site). In the remainder of this section, we first
use a variant of ZC to obtain the hitting point probability
density function and the FPT as a function of location on the
sphere surface. (This is effectively a numerical solution to Eq.
1 within the dimpled movement sphere.) We then go on to
apply these solutions to the simulation of diffusion and reac-
tion in supported catalysts.

Diffusion in dimpled movement spheres

The geometry of a movement sphere for a molecule start-
ing at point p and with a dimple formed by a solid particle
centered at point g (Figure 3) is defined by two parameters:
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Inert or reactive sphere

Dimpled movement sphere

Figure 3. Geometry of the dimpled movement sphere
characterized by two parameters.

a gives the degree of eccentricity of the two spheres that
constitute the dimpled movement sphere; 8 gives the size of
the dimpled movement sphere relative to that of the sphere
that forms the dimple. The surface of the dimpled move-
ment sphere is represented by the bold line. For this dim-
pled movement sphere, o = 0.25 and 8 = 1.

af =(Rp +R, - lp - ql)/Rp), where R, is the radius of the
movement sphere and R, is the radius of the dimple, gives
the degree of eccentricity of the two spheres; B gives the size
of the dimpled movement sphere relative to that of the dim-
ple. The maximum value of « for any dimpled movement
sphere is unity, which corresponds to the reactant making
contact with the surface of the dimple. The minimum value
of «a is zero, in which case the dimple is reduced to a point
on the surface of the movement sphere.

The simulation of diffusion within the dimpled movement
sphere involves placing a reactant molecule at the center of
the movement sphere and making it diffuse using ZC until it
reaches the nondimpled surface or, if the dimple is reactive,
the dimple (Figure 4). (Note that the FPT for a reactant to
hit an inert dimple is not of interest.) This procedure is re-
peated many times until good statistics are obtained for the
probability density function for hitting points and the FPT
function. For the dimpled movement sphere formed by
spheres centered at p and ¢ (Figure 5), the distribution of
hitting points and the FPT function is symmetric about the
axis pq. The hitting points can be conveniently recorded by
dividing the surface of the dimple and the nondimpled sur-
face of the movement sphere into bands as shown in Figure
5. The bands on the surface of the dimple and on the
nondimpled surface are delimited by values of ¢, and 6,
respectively. Once a reactant has hit the surface of the dim-
ple or the nondimpled surface of the movement sphere, a
check is made to see what band has been hit and the counter
recording the number of times that the band has been hit is
incremented. The corresponding elasped time is also noted.
In practice, the hitting point probability density function and
the FPT can be obtained at the same time for both active and
inert dimples, as follows. The first time the reactant hits the
dimple (if it does), this contact contributes toward the statis-
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Figure 4. Algorithm of the numerical method used to
obtain the distribution of hitting points and
corresponding mean hitting times for a dim-
pled movement sphere.

(b) shows the details of the algorithm inside the magnifica-
tion window in (a).

tics for the active dimple. The subsequent arrival of this reac-
tant at the nondimpled surface counts only toward the statis-
tics for a movement sphere with an inert dimple. It the reac-
tant does not hit the surface of the dimple before hitting the
nondimpled surface, it is counted toward the statistics for
movement spheres with both inert and active dimples.

As in the original method of Zheng and Chiew (1989), a
parameter & is defined within which a reactant is considered
to have reached the nondimpled surface, or in the case of an
active dimple, the surface of the dimple. Parameter & is set
to 107* ¢, where ¢ is the smaller of R, and R,. In order to
avoid the problem of drawing increasingly small ZC move-
ment spheres as the reactant nears the surface of the dimple,
we switch to a discrete random walk within a certain distance
of the dimple surface along the lines of the hybrid method of
Reyes and Iglesia (1991). We varied the distance at which the
switch between the two methods is made and found the opti-
mal distance to be 1072 ¢ (the results, as expected, were un-
affected). The switch to the discrete random walk is neces-
sary so that after the reactant has hit the surface of the dim-
ple, it is able to continue diffusing until it hits the nondim-
pled surface.

One step using ZC inside the dimpled movement sphere

Vol. 41, No. 4 883
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Figure 5. Surface of the dimpled movement sphere is
divided into two parts: the surface of the dim-
ple and the nondimpled surface of the dim-
pled movement sphere.

Each part is divided into latitudinal bands that are used to
record the distribution of hitting points. For this dimpled
movement sphere, a = 0.75 and 8= 1.

involves the following substeps: (1) a movement sphere cen-
tered on the reactant is constructed so that it just touches
either the surface of the dimple or the nondimpled surface of
the dimpled movement sphere, whichever is the nearer; (2) a
position on the surface of the movement sphere with radius
R is chosen at random; (3) the mean FPT required for the
reactant to move to its new position on the surface of the
movement sphere from its old position is computed. It is con-
venient to rewrite Eq. 2 in dimensionless form as

Tze 0 1 2

* —
Tzc,i ™ R2 =%
p

&)

R
R,

where the subscript ZC is used to indicate a step using ZC
within the dimpled movement sphere. The superscript * is
used here and elsewhere to indicate that the variable is di-
mensionless.

One step using the discrete random walk method inside
the dimpled movement sphere involves giving the reactant a
random displacement of size / =1072 ¢, If the new position
for the reactant is outside the boundary of the dimpled
movement sphere, { is reduced so that the new position is at
the boundary. The dimensionless time for step j is given by

3
2,6,

Figure 6. Probability density function for hitting a point
on the surface of the dimple, g.(4,), as a
function of location on the surface defined by
6, for two different dimpled movement

spheres.

DMSA (a =025, B=1) and DMSB (a =0.75, B =1).

The subscript d indicates that the simulation step involves
the discrete random walk method. Equation 4 is the standard
equation describing a discrete random walk (Reyes and Igle-
sia, 1991).

The dimensionless mean FPT, 7%, is the sum of the times
for all ZC steps given by Eq. 3 and the discrete steps given by
Eq. 4:

=) T3t Zt;k,r (5)
i J

Distributions were obtained for eight values of both a and
B. The values of a used were: 0.05, 0.25, 0.5, 2/3, 0.75, 0.84,
0.92, 1.0. The values of B were: 3, 2, 1, 0.5, 0.3, 0.1, 0.07,
0.01. Note that (from the geometry of the movement sphere)
for B =3, a is restricted to be less than 2/3. In order to
generate accurate statistics, the diffusion of 1.5X10° reac-
tants was simulated for each movement sphere geometry. As
an example of the type of results obtained, Figures 6—9 show
the distributions of hitting points and the corresponding mean
FPT obtained for two different dimpled movement spheres:
the dimpled movement sphere shown in Figure 3 (a = 0.25,
B =1), henceforth referred to as DMSA, and the dimpled
movement sphere shown in Figure 5 (a =075, B=1),
henceforth referred to as DMSB. The distributions obtained
for the case of the reactive dimple and also that of the inert
dimple are shown.

With DMSA, the value of §, (see Figure 5) that defines
the intersection line between the dimple surface and the
nondimpled surface is 2.636 rad. The corresponding value for
6, is 0.505 rad, so the entire surface of the dimpied move-
ment sphere is defined by (2.636 < 6, <) and (0.505 < 6, <
7). For DMSB, the entire surface of the dimpled movement

1({ 1 \? sphere is defined by (2.246 < 6, <) and (0.896 < §, < 7).
1= AR 4 The probability that the surface of the dimple is hit is 0.103
p for DMSA and 0.547 for DMSB.
884 April 1995 Vol. 41, No. 4 AIChE Journal
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Figure 7. Mean FPT for the surface of dimple, 7;(6,),
as a function of location on the surface de-
fined by 6, for two different dimpled move-
ment spheres.

DMSA (a =025, 8=1) and DMSB (a =075, 8 =1).

Figures 6 and 7 show, respectively, the probability density
function for hitting a point on the surface of the dimple and
the corresponding mean FPT, 7.(6,), as a function of loca-
tion on the surface for both DMSA and DMSB. The proba-
bility density function, g,, as a function of the polar angle,
6, is normalized by:

[T2,(6,027R sin(8,) d6, = 1. 6)
0

It can be seen in Figure 6 that for both DMSA and DMSB,
g,(8,) is highest for the position on the surface of the dimple
that is closest to the starting point of the reactant (Bq =),
decreasing continuously with decreasing 6,. This is expected,
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Figure 8. Probability density function for nondimpled
surface g,(6,), as a function of location on the
nondimpled surface defined by g, for two dif-
ferent dimpled movement spheres (with reac-
tive or inert dimple).

DMSA (a =0.25, 8 =1) and DMSB (a =0.75, 8 =1).
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since the surface of the dimple and the nondimpled surface
will become closer to each other as 6, decreases and “com-
pete” for the reactant. The reason for the difference in the
shape of the plots can be explained: a reactant that is diffus-
ing toward the region close to the intersection line will on
entering this region be close to both the surface of the dim-
ple and the nondimpled surface. The reactant will tend to hit
either surface and be removed before it has had a chance to
diffuse further toward the intersection line. The resulting ef-
fect is the lowering of the probability of the reactant hitting a
surface close to the intersection line. The strength of this ef-
fect, which depends on the curvature of the dimple, is greater
in DMSB than in DMSA.

It can be seen from the plots in Figure 7 that 7,°(8,) is, as
expected, greater in DMSA than in DMSB, reflecting the
larger distance on average that the reactant has to diffuse
before hitting the dimple surface.

Figures 8 and 9 show, respectively, the probability density
function for hitting a point on the nondimpled surface and
the corresponding FPT, Tp*(9p), as a function of location on
the surface for both reactive and inert dimples. The probabil-
ity density function, g,, as a function of the polar angle, 6,, is
normalized by

[ "e,(8,27R, sin(6,) dd, =1. )

The plots in Figure 8 for both DMSA and DMSB with a
reactive dimple surface show how g,(6,) for the same rea-
sons behaves in a similar way to g,(6,).

For the case of the inert dimple, there are two opposing
effects that influence the plots of g,{6,). One of the effects,
which reduces the probability of the reactant hitting the
nondimpled surface close to the intersection line (similar to
that described earlier for the dimple surface), is caused by
the reactant diffusing toward the intersection line being
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Figure 9. Mean FPT for nondimpled surface, 7;(6,,), as

a function of location on the nondimpled sur-
face defined by 6, for two different dimpled
movement spheres (with reactive or inert dim-
ple).
DMSA (a = 0.25, B =1) and DMSB (a = 0.75, 8 =1). The
legend used is as follows: DMSA with reactive dimple (#),
DMSA with inert dimple (0), DMSB with reactive dimple
(a), DMSB with inert dimple (a).
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forced to diffuse in a narrow region close to the inert dimple
surface and the nondimpled surface. The reactant will tend
to hit the nondimpled surface and be removed before it has
had a chance to diffuse further toward the intersection line.
The second effect is due to the reflective nature of the dim-
ple surface; the reactant, on hitting the dimple, will continue
to diffuse until it hits the nondimpled surface. The effect of
the inert dimple is to “channel” the reactants toward the in-
tersection line, thus increasing the probability of the reactant
hitting the nondimpled surface close to the intersection line.
The relative strength of the two opposing effects will depend
on the curvature of the dimple. In DMSA close to the inter-
section line, the channel effect dominates, and thus g,(6,)
increases with decreasing 6,

From Figure 9, it can be observed that for any value 6, the
value of the mean FPT is greater for the case of an inert
dimple than that of a reactive dimple, reflecting the fact that
in the latter case some of the reactants that hit the nondim-
pled surface have reflected from the dimple.

Application of the dimpled sphere solutions

Having solved the problem of diffusion and reaction in
dimpled movement spheres of a range of geometries, diffu-
sion and reaction in a model-supported catalyst can now be
simulated by moving the reactant by a sequence of dimpled
sphere (DS) steps until it reacts on one of the active sites. In
each DS step involving an inert dimple, a hitting point is se-
lected at random from the appropriate distribution function,
g,(6,), and the corresponding FPT calculated from 7.(6,).
The functions g,(6,) and 7,(6,) are obtained for the re-
quired values of a and B by interpolating quadratically in
these two variables among the simulation results for the dim-
pled movement sphere. In the case of a DS step involving a
reactive dimple, the probability that the reactant hits the
dimple is obtained from the dimpled sphere solution, the hit-
ting point is selected at random from g,(6,) or g,(6,) as ap-
propriate and the corresponding FPT calculated from 7,7(6,)
or T;‘(Gq), again interpolating as required between the dim-
pled-sphere simulation results.

The mean FPT for step k, 7, is calculated by rescaling the
dimensionless value obtained by interpolating the dimpled
movement sphere results, 7

T*R2
Tpsk = _kD : , (8)

where R, is the radius of the movement sphere at step k.
The subscript DS indicates that the simulation step involves
the construction of a dimpled movement sphere.

Because of the function evaluations and interpolation in-
volved, each DS step is computationally more expensive than
a ZC step. In most cases, this is compensated for by the in-
creased distance that the reactant can move in a single simu-
lation step. However, if the particle that forms the dimple
barely penetrates the movement sphere, it is more efficient
to slightly reduce the radius of the movement sphere, so that
the dimple disappears, and use a ZC step instead. Qur expe-
rience indicates that the value for @ below which it is more
efficient to reduce the radius of the movement sphere in this
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way is 0.2. (This figure will presumably depend weakly on the
algorithm and computer hardware used.)

Another computational simplification can be made if the
movement sphere is much smaller than the dimple. In this
case, the reactant at the center of the dimpled movement
sphere perceives the surface of the dimple as flat. We have
found that the value for 8 below which the surface of the
dimple may be regarded as flat is approximately 0.01. If the
value of B falls below this, then the distribution of hitting
points and corresponding mean hitting times obtained for
=(0.01 can be used with the FPT appropriately rescaled.

An additional type of simulation step is required if the sup-
port particles are allowed to overlap during the generation of
the model catalyst. Because the radii of successive dimpled
movement spheres decrease as the reactant diffuses toward
an intersection line formed by two overlapping support parti-
cles, the maximum distance that the reactant can move in a
simulation step decreases to very small values until the
molecule spends almost all the computer time diffusing close
to the intersection line. This is analogous to the problem aris-
ing with ZC, except that by using our new method the reac-
tant is “attracted” to a one-dimensional object rather than a
two-dimensional one. This problem is avoided by using a dis-
crete random walk, with initial step length, / = 0.01 R, where
R, is the radius of the support particles, to dislodge the reac-
tant. (As in the simulation of diffusion within the dimpled
movement sphere, the step length is reduced if a step of the
original length enters the solid phase.) The time for discrete
step m is given by

12
tym===. 9
=35 ©
The survival time, tg, of the reactant is the sum of the times
for dimpled movement sphere steps, given by Eq. 8, the times
for the ZC steps, given by Eq. 2, and the times for the dis-
crete steps, given by Eq. 9:

tg=13, Tzc,i t > Tosk * Llam: )
i k m

Random walks are carried out for many reactants in each
realization of the model catalyst, formed using a sufficient
number of configurations, in order to obtain results represen-
tative of a macroscopic catalyst particle. The first-order rate
constant, k, is given by

1

k=

(11)

where () indicates an average over all reactants and configu-
rations constituting the realization of the model catalyst.

Results
Unsupported active sites

In order to check the accuracy and also the efficiency of
the new method, the simulations reported by Zheng and
Chiew (1989, 1990) were repeated using both ZC and the new

method (Figures 10 and 11). Systems of spherical particles,
representing the active sites, were created using the method
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Figure 10. Dimensionless reaction rate, k*, as a func-
tion of active site volume fraction, ¢,, for 50
nonoverlapping spherical active sites using
ZC and the new method.

The results reported by Zheng and Chiew (1990) using ZC
are also shown.

of random sequential addition (RSA). For a system of over-
lapping active sites, the particles that represent the active sites
are added to randomly chosen locations within a cubical cell
until the desired number density of particles is achieved. For
nonoverlapping active sites, the method is unchanged except
that it is necessary to check whether the particle that is added
overlaps any of the particles already added. If there is over-
lap, the particle is rejected and another is added. Periodic
boundary conditions were used in order to minimize the fi-
nite-size effect. The parameters of Zheng and Chiew (1989)
were used as follows. Each configuration consisted of 50
spherical particles in the case of nonoverlapping active sites
and 100 in that of overlapping sites. The results were ob-
tained by averaging over ten configurations and 10° diffusing
reactants.

In Figures 10 and 11, simulated values of the dimension-
less reaction rate, k*, given by

kR?
D

k* = 12)

are displayed as a function of the volume fraction of unsup-
ported active sites, ¢,. For a system of nonoverlapping parti-
cles with radius R, and number density p the volume frac-
tion of the particles is given by

b, =7 (13)

where n (= p4wR3/3) is the reduced number density. For
particles that are overlapping, the volume fraction is given by

¢,=1—exp(— 7). (14)
The plots shown in Figures 10 and 11 show that there is a
systematic, though very small, difference between the results

reported by Zheng and Chiew (1989, 1990) using their method
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Figure 11. Dimensionless reaction rate, k*, obtained as
a function of active site volume fraction, ¢,,
for 100 overlapping spherical active sites us-
ing ZC and the new method.

The results reported by Zheng and Chiew (1989) using ZC
are also shown. Note that in the simulations carried out by
Zheng and Chiew, the time for each simulation step was
obtained from a distribution and not Eq. 2.

and those obtained by the authors using the same method for
both overlapping and nonoverlapping active sites. It is clear,
however, that the results obtained by the authors using both
the ZC and the new method agree very well. The calculated
deviates show that the two sets of data obtained using ZC
and the new method for both overlapping and nonoverlap-
ping active sites are not significantly different at the 95%
level; the good agreement between the two sets of data un-
derlies the accuracy of the new method.

When applied to systems of unsupported active sites, the
new method is approximately 3 times faster than ZC. We em-
phasize that our main motivation for the development of the
new method is that ZC cannot be applied to a supported
catalyst. The increase in efficiency in the simulation of sys-
tems of unsupported active sites is incidental.

Supported active sites

The first step is to define a set of “construction rules” for
the creation of the model catalyst. These rules might be cho-
sen to reproduce what is known of the morphology of the
real catalyst of interest, or in order to investigate some par-
ticular model structure. The rules are not necessarily directly
related to the real catalyst manufacturing process. For each
model supported catalyst, the inert support was created using
the penetrable concentric shell (PCS) model (Torquato, 1984).
In the PCS model, the spherical particles consist of an im-
penetrable core of radius eR, and a penetrable concentric
shell of thickness (1— €)R,, where € (0 < € < 1) gives the de-
gree of impenetrability of the particles. The lower and upper
limits of € correspond to the cases of overlapping and non-
overlapping particles, respectively. By changing e, the con-
nectedness of the inert support particles is changed.

Two different methods were used to create the configura-
tions of the support particles: RSA, and the method of
Metropolis et al. (1953), which creates configurations of par-
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ticles in thermal equilibrium. In the Metropolis method, par-
ticles are repeatedly given small, random displacements. If
the hard core of the particles that is moved overlaps the hard
core of any other particle, the move is rejected. After each
particle move, the configuration of the system has changed
only slightly, so a large number of moves is required to gener-
ate each configuration of the model support. Following Miller
and Torquato (1990), we moved each particle 80 times be-
tween configurations. Periodic boundary conditions were used
for both equilibrium and RSA configurations.

For a system of spheres created using RSA, the maximum
volume fraction of the support particles that can be achiev-
ed is limited by the close packing fraction of the hard core
(~ 0.41). The corresponding value for n ( = p4mwR2/3) is given
by

n=041e" (15)

For a system of nonoverlapping spheres (e = 1) created us-
ing the Metropolis method, the maximum volume fraction of
the support particles that can be achieved is higher than that
for RSA, ~ 0.63. The corresponding value for 7 is given by

7=0.63¢3. 16)
The morphology of the support was varied by changing the
volume fraction of the inert support particles, &,, and the
impenetrability parameter, e. For the case of nonoverlapping
inert support particles (e = 1) and overlapping inert support
particles (e = 0), the volume fraction is computed using Egs.
13 and 14, respectively. For intermediate values of €, the cal-
culation of the volume fraction is not trivial. For equilibrium
systems, the analytical approximation developed by Rikvold
and Stell (1985) for the PCS model can be used. The volume
fraction of the support is given by

o (e, ) =1—u(e,nw(e,n) an
where u(e, n) is given by
1-— 3
ule,n)=01- e%)exp[—-(-—f—gh] 1
1-e’n

and w(e,n) is given by

3637)2

w(e,m)=exp{ - —————
21— e%)°

x{2—3e+ €’ - eI(Be —6e>+3€3)]}. (19)

Note that for € =1 and € =0, Egs. 17-19 reduce to Egs. 13
and 14, respectively. Lee and Torquato (1988) carried out
computer simulations to find the porosity as a function of 7
and e for a number of different equilibrium configurations.
They found that the computed porosities compared favorably
with the porosities predicted using Eqs. 17-19.

We carried out a check to see if Eqs. 17-19 could also be
used for model catalysts using RSA systems. The method used
involved using Egs. 17-19 to compute 7 for given values of
¢, and e, which was then used to set the dimensions of the
cubical cell containing the centers of a fixed number of sup-
port particles. The volume fraction of the support was then
computed by generating a large number of points within the
system and computing the fraction of the points that were
found to be inside a support particle. Equilibrium as well as
RSA systems were created for comparison purposes. The re-
sults that were obtained by the averaging over 500 different
configurations and 10,000 points each configuration are sum-
marized in Table 1. For each input value of ¢,, the computed
value of ¢, and the associated standard error for both RSA
and equilibrium systems for different values of e are in-
cluded in the table. By comparing the results obtained for
RSA and equilibrium systems, it can be seen that the approx-
imation works almost as well for RSA systems as for equilib-
rium systems. The largest error encountered was for the case
where € =0.5 and ¢, = 0.9. Because the error at most is ap-
proximately 1.5%, Egs. 17-19 were used in this work to set
the dimensions of the cubical cell for both RSA and equilib-
rium systems.

The construction of the model-supported catalyst is com-
pleted by adding the required number of spherical active sites
to the surface of the support; the sites were added by random
sequential addition. The active sites are not permitted to
overlap either the inert support particles or any of the other

Table 1. Monte Carlo Simulation Data for the Volume Fraction of Support Particles for Values of the Impenetrability
Parameter, €*

b, €=0.0 e=10.25 €=05 € =0.625 €=0.75 € =0.875 €=1.0
01 EOM — 0.1002+0.0002  0.1001+0.0001  0.1000+0.0001  0.1001+0.0001  0.1000+0.0001  0.1000+0.0001
RSA  0.0997+0.0002 0.1001+£0.0001  0.1003+0.0001  0.100040.0001  0.1001+0.0001  0.10004-0.0001  0.1003 + 0.0001
03 EQM — 0.3011+0.0004  0.3006+0.0003  0.3002+0.0002 0.2998+0.0002  0.2998+0.0002  0.2998 +0.0002
RSA  0.3001+0.0004 0.2999+0.0004 0.3008+0.0003 0.300740.0002 0.3006+0.0002 0.3002+0.0002  0.3001 + 0.0002
0.5 EQM — 0.5018+0.0007  0.5012+0.0004 0.4997+0.0003 0.4990+0.0003  0.499240.0002  0.5003 +0.0002
RSA  0.5007+0.0008 0.5022:+£0.0007 0.5028+0.0004 0.5025+0.0003 0.5018 +0.0002  0.4992 1 0.0002 —
0.7 EQM — 0.7046+0.0009  0.7010+0.0006  0.6992+0.0004  0.6978+0.0003  0.6981 +0.0002 —
RSA 0.702+0.001 0.705 +6.001 0.7072+0.0006  0.706540.0004  0.7001+0.0003 — —
09 EOQM — 0.9045+0.0009  0.9003+0.0005 0.8971+.0.0004 0.8965 +0.0002 — —
RSA 0.904 +0.001 0.905 + 0.001 0.9130+0.0005  0.9075 4-0.0003 — - —

*For each required input value of ¢, the computed values of ¢, for the equilibrium (EQM) and RSA systems are listed. The errors are standard errors.
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Figure 12. Dimensionless reaction rate, kK, as a func-
tion of the dimensionless radius of active
sites, R}.

The parameters were set as follows: ¢, = 0.35, §* =0.05,
e=105.

active sites already added. Experimentally, this process corre-
sponds to the deposition of active material randomly within
the pore volume. The specific surface area, in dimensionless
form, is given by $* = 4 R /V. Here, V (=(1— ¢,) %) is the
pore volume, where L is the length of the cubical cell; A4, is
the total surface area of the active sites.

Note that the computed number of active sites required to
give the desired specific surface area of active sites will not in
general be an integer. It is therefore necessary to use a
weighted average of two integer values for the number of
active sites, one that is above and one that is below the re-
quired number of active sites.

The results of a number of different sets of simulations
carried out to investigate the effect of the catalyst morphol-
ogy on the reaction rate are now presented. The results were
in general obtained by averaging over 20 different configura-
tions of the solid phase and 5x 10° reactants unless indicated
otherwise.

In all the simulations, a cubical cell containing the centers
of approximately 50 spherical particles surrounded by peri-
odic images of itself was used to represent the inert support
in the model catalysts. A set of simulations was carried out to
check whether finite size effects were significant. The results,
which are shown in Figure 12, show the dimensionless reac-
tion rate, k¥, given by

kR?

k¥ =
‘ D

(20)

plotted as a function of the dimensionless radius of the active
sites, R*(= Ra/R,). The subscript, s, is used to distinguish
this dimensionless reaction rate from that defined in Eq. 12.
The inert support created using RSA consisted of either 50
or 100 spherical particles. The standard errors range from 1
to 5 percent, the larger errors corresponding to the larger
radii of active sites. The agreement between the two sets of
data is very good, suggesting that finite size effects are not
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Figure 13. Dimensionless reaction rate, k7, as a func-
tion of volume fraction of inert support, ¢,
for different values of the impenetrability pa-
rameter, e.

The parameters were set as follows: R% =0.1, §* =0.05.
Curves have been drawn to help guide the eye.

significant. The shape of the plots can be explained straight-
forwardly. As the radius is decreased, the number of required
active sites to give a certain specific surface area increases,
and so the reactant will on average take less time to diffuse
and hit an active site and thus react.

The plots in Figures 13 and 14 show k¥ plotted as a func-
tion of ¢, for different values of €. In these figures, the di-
mensionless specific area of active sites, $*, is 0.05. In Figure
13, the dimensionless radius, R*%, of all the active sites is 0.1,
whereas in Figure 14, R% is 0.4. The standard errors are ap-
proximately 2%, the largest being 2.7%. The results were
obtained by averaging over 20 different configurations and
5x10* reactants.
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Figure 14. Dimensionless reaction rate, kJ, as a func-
tion of volume fraction of inert suppont, ¢,,
for different values of the impenetrability pa-
rameter, €.

The parameters were set as follows: R% = 0.4, §* = (.05.
Curves have been drawn to help guide the eye.
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Figure 15. Effect of the degree of impenetrability on the
reaction rate as a function of the volume
fraction of the inert support.

To help with the interpretation of the plots, Figure 15 has
been drawn to show how the plots are affected by the radius
of the active site and also the degree of impenetrability. In
Part A of Figure 15, the reaction rate increases with increas-
ing volume fraction, as seen in the plot shown in Figure 13
and also in part of the plot shown in Figure 14. As the vol-
ume fraction of inert support increases, some of the pores
become too narrow to accommodate an active site and so the
active sites rather than being evenly dispersed throughout the
pore volume (see Figure 16a) start to concentrate in the larger
pores (see Figure 16b). As a large proportion of transport
takes place in the larger pores, the reactant will on average
take less time to hit an active site and react and the reaction
rate therefore increases. Increasing the impenetrability of the
inert support particles has the effect of increasing the num-
ber of smaller sized pores while reducing the number of larger
sized pores. The reaction rate therefore increases with in-
creasing degree of impenetrability.

In Part B of Figure 15, the reaction rate decreases with
increasing volume fraction of inert support, as seen in the
plots shown in Figures 13 and 14. Because the volume frac-
tion of the inert support is high, smaller pores predominate
and the active sites therefore concentrate in the pockets (see
Figure 16¢). With some of the active sites clumped together,
the reactant is forced to travel further before hitting an ac-
tive site than it would if the active sites were dispersed. The
clumping together of active sites increases with increasing
volume fraction of inert support. Increasing the degree of im-
penetrability, and thus the proportion of relatively small
pores, increases the clumping effect and so the reaction rate
decrcases with increasing degree of impenetrability. For a
given volume fraction of support, the extent of clumping in-
creases with the size of the active sites. Consequently, the
maximum reaction rate occurs at lower values of ¢, as R
increases, as may be seen by comparing Figures 13 and 14.

In these simulations, equilibrium as well as RSA systems
were used to represent the inert support so that model cata-
lysts with higher inert support volume fractions could be cre-
ated. A similar set of simulations (see Figure 17) was carried
out to investigate whether results for model catalysts with in-
ert supports created using either RSA or equilibrium systems
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Inert support Active site

Figure 16. Effect of increasing the volume fraction of in-
ert support.

(a) With a relatively low volume fraction of inert support,
the active sites are fairly uniformly dispersed; (b) as the
volume fraction of inert support is increased, the active
sites concentrate in the larger pores; and (c) as the volume
fraction of inert support is increased further, the active
sites start to clump together in the pockets.

are different. An analysis of the data showed no significant
difference at the 95% confidence level.

A set of simulations was carried out in which the impene-
trability parameter, € and the dimensionless radius of the ac-
tive sites, R%, were kept constant at 0.5 and 0.1, respectively,
while the parameters §* and ¢, were varied. Figure 18 shows
plots of k¥ as a function of §* for different values of ¢,. In
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Figure 17. Dimensionless reaction rate, k}, as a func-
tion of the volume fraction of inert support,
., for different values of the impenetrability
parameter, €.

The parameters were set as follows: R¥ = 0.1, §% = 0.05.
RSA and equilibrium systems were used to represent the
inert support.

these plots, the standard errors are approximately 2%, the
largest being 3%. Also plotted is the dimensionless form of
the result of Smoluchowski (1916), kg, (= 3D¢,/R?), which
is valid for a system of unsupported active sites in the limit of
a low density of sites:

2 *
. _ksR? S
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At a low loading of active sites, the sites are far apart and
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Figure 18. Dimensionless reaction rate, k¥, as a func-
tion of the dimensionless specific surface
area of actlive sites, S$*, for different values
of volume fraction of inert support, ¢,.

The parameters were set as follows: R} = 0.1, e = 0.5. The
dimensionless form of the result of Smoluchowski (1916),
k%, is represented by the solid line. Curves through the
origin have been fitted to guide the eye.
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Figure 19. Dimensionless reaction rate, k7, as a func-
tion of dimensionless specific surface area
of active sites, $*, for different values of the
volume fraction of inert support, ¢,.

The parameters were set as follows: R¥ = 0.1, ¢ = 0.5. The
dimensionless form of the result of Smoluchowski (1916),
k%, is represented by the solid line. Note that in these
model catalysts, the active sites are unsupported. Curves
through the origin have been fitted to guide the eye.
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the reaction rate must increase linearly with active site load-
ing. It is of interest to compare the behavior of the supported
catalyst in this “dilute” regime with the result of Smolu-
chowski (1916) for unsupported sites, as this gives a measure
of the effect of the support at low catalyst loadings. The rea-
son why the results for the model supported catalyst differ
from the Smoluchowski result is as follows. With no inert
support present, reactants are able to approach the active
site from all directions. With the active site supported on an
inert support, the range of angles from which the reactants
are able to approach the active site is reduced. The effect of
this “shielding effect,” which increases with support volume
fraction, is to reduce the reaction rate.

Using the same values of e and R%¥, a further set of simu-
lations were carried out in which the active sites were dis-
tributed randomly within the pore volume by RSA and not
supported on the walls of the inert support (which is, of
course, an unphysical situation). The plot in Figure 19 show
k¥ and the dimensionless result of Smoluchowski &%,,, plot-
ted as a function of $*. The results for the low inert support
volume fractions (¢, < 0.35) approach closely that predicted
by the Smoluchowski result. Thus, for this model catalyst the
primary effect of the support on the reaction rate at low cata-
Iyst loadings is via its effect on the local environment of the
active site.

Summary and Discussion

Zheng and Chiew (1989) developed an FPT random walk
method that they successfully applied to a system of static,
unsupported active sites. This method has shortcomings when
applied to supported catalysts. We have developed a new ef-
ficient FPT method and applied it to some simple supported
catalysts, and the effect of the morphology of the catalyst on
the reaction rate has been studied.

The effect of both the dispersion and loading of active sites
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on the reaction rate was investigated. It was shown that for
model-supported catalysts with a low active site loading, the
reaction rate increases linearly with increasing loading of ac-
tive sites, though at a lower rate than that predicted by the
result of Smoluchowski (1916). Some simulations were car-
ried out using model catalysts in which the active sites in-
stead of being supported by the inert support were randomly
distributed within the pore volume. These model catalysts,
though unphysical, were used to show how for a low inert
support volume fraction and low loading of unsupported ac-
tive sites, the result of Smoluchowski accurately predicts the
reaction rate. Thus, the primary effect of the support on the
local reaction rate is by restricting access to the active site.
Simulations carried out on model catalysts using a wide range
of inert support fractions show that the inert support also
affects the reaction rate through its effect on the dispersion
of the active sites. The range of inert support volume frac-
tions used in the simulations is wider than that found among
commercial supported catalysts. Of course, the overall per-
formance of the catalyst also depends on the transport of
reactants from the surface of the particle to the active sites.

The simulations carried out on the model catalysts also
show that the method by which the inert support is created
(random sequential addition or equilibrium) has no effect on
the results despite the fact that RSA and equilibrium struc-
tures are fundamentally different (Widom, 1966). This sug-
gests that using RSA does not allow the generation of model
solids with reaction properties that are significantly different
from those of solids generated from equilibrium configura-
tions.

The new method is specific to spherical particles. This is
not a severe limitation since some commonly used catalyst
supports, such as silica, alumina, and titania, consist of
macroscopic aggregates of spherical particles. In addition, by
varying the construction rules, models based on spherical ele-
ments have the capacity of representing a wider range of
structures than we have investigated here. For example, it is
possible following the creation of a configuration of spheres
to simulate porosity changes due to sintering and compres-
sion (Reyes and Iglesia, 1991). Furthermore, the coordination
number of PCS particles may be constrained to some maxi-
mum value, rather than being allowed to vary freely, which
would allow more ramified structures to be generated.

In this work, the active material is deposited randomly
within the pore space after the inert support has been pre-
pared. However, the inert support in real catalysts is often
impregnated with the active material prior to pelletizing. For
the model catalyst used here, this would be equivalent to the
addition of active sites to the spheres forming the inert sup-
port followed by the construction of the supported catalyst
using these spheres. The distribution of the active material
added this way would not be random but would be influ-
enced by the packing arrangement of the spheres. Further,
some of the active sites would be buried in the inert support,
thus lowering the reaction rate. Our algorithm for the gener-
ation of the model catalyst can easily be adapted to repro-
duce this feature.

The emphasis of the work reported here was to develop
the new simulation method, and to use it to investigate some
aspects of the effect of the catalyst morphology on the reac-
tion rate. Although no attempt was made to relate the pa-
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rameters of the model to a particular real catalyst, we show
in the Appendix that the parameter ranges used in this inves-
tigation are comparable to those of real amorphous catalysts.
At present this simulation method is of value as a means of
investigating the general reaction characteristics of supported
catalysts. Before it can be used to make quantitative predic-
tions for particular real catalysts, methods must be developed
for the experimental determination of the structural parame-
ters of the model. At present, standard experimental tech-
niques for the physical characterization of porous solids, such
as adsorption and mercury injection, are interpreted on the
basis of lattice-based models. New analyses, in terms of con-
tinuum structural models, must be developed for these exper-
iments. Finally, we note that work is in progress on the adap-
tation to more general kinetics.

Acknowledgment

This work was supported by the United Kingdom Science and En-
gineering Research Council and ICI Chemicals & Polymers Ltd.

Notation

¢ = length defined in Figure 3
P = the first passage time cumulative distribution function

Greek letters

= mean first passage time

Subscripts

p=connected with the sphere that forms the nondimpled surface
g = connected with the sphere that forms the surface of the dimple
s =inert support
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Appendix

In the following, we show how it is possible to create real-
istic model supported catalysts by assigning appropriate val-
ues to the parameters that constitute the set of construction
rules. In real catalysts, the active material usually constitutes
between 0.1 and 20% by weight of the total catalyst and is
normally in the form of very small crystallites (1-50 nm in
dia.) (Bond, 1990). In our example real catalyst, a-alumina
and platinum are used as inert support and active material,

respectively. The weight percentage of platinum is between
0.15 and 1.4 and the diameter of the platinum crystallites is 9
nm. The inert support volume fraction, ¢,, is set to 0.5 [typi-
cal approximate figure for commercial catalysts (Satterfield,
1991)] and the impenetrability parameter, e, is set to 1
(alumina supports typically consist of macroscopic aggregates
of spherical particles).

For a reactant undergoing bulk diffusion in the liquid
phase, the order of magnitude of the mean free path will be
the same as that of the molecular diameter of the reactant.
To ensure that bulk diffusion takes place, the mean pore ra-
dius, , within the supported catalyst must satisfy the follow-
ing: r > 30A (Reyes and Iglesia, 1991). Using a reactant with
a molecular diameter of 0.3 nm as an example, the mean
pore radius (=100A) is 30 nm. [This is a typical dimension.
for a mesopore (Satterfield, 1991).] For the model-supported
catalyst, the mean pore radius can be accurately predicted
(Reyes and Iglesia, 1991) using the following equation based
on nonintersecting uniform cylindrical pores:

r=2V/A, (A1)
where A, is the total surface area of the inert support.

The following calculations show that for this model sup-
ported catalyst, the appropriate values for the dimensionless
specific surface area of active sites, $*, corresponding to 0.15
and 1.4 wt. % of platinum are 0.008 and 0.08, respectively.

Physical data

Atomic weight of platinum = 195.09 mol ~ .

Molar volume of platinum metal (face-centered cubic pack-
ing) = 9.0909 cm?®-mol ™',

Molecular weight of e-alumina (Al,Q,)=101.96 mol ™.
Relative density of a-alumina =3.97 cm ™3,

Molecular diameter of reactant = 0.3 nm.

Calculated quantities

For a system of nonoverlapping spheres, 1’//4,= R /3.
Setting r =30 nm, R, =45 nm (from Eq. Al).

R*¥* (=R, /R)=0.1

Weight Al,O, per cm® of supported catalyst = 1.985 g.
Weight percent per cm® of supported catalyst in the range
(0.003-0.028) g.

Corresponding range of values for dimensionless specific sur-
face area of active sites, $*, =(0.008-0.08).
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